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The main result asserts that, for any contraction Ton an arbitrary Banach space 
X, I/ 7” - F + r 11 + 0 as n + co, if and only if the spectrum of T has no points on the 
unit circle except perhaps z = 1. This theorem is extended for q(T) T”, where rp is a 
function of spectral synthesis on the unit circle. As an application, we generalize the 
so-called “zero-two” law of Ornstein and Sucheston and Zaharopol to positive con- 
traction on a very large class of Banach lattices. 0 1986 Academic Press, Inc. 
1. INTRODUCTION 
In 1970, Ornstein and Sucheston [6] proved that, for any positive con- 
traction T on an L, -space, either IIT”-T”+‘II=2 for all n or 
lim, + m 11 T” - T + ’ II = 0. An extension of this result to positive operators 
on L, -spaces was given by Foguel [2] and only recently Zaharopol [9] 
generalized these results, usually called “zero-two” laws, to the setting of 
positive contractions on L,-spaces, 1 < p # 2. He showed that, for such an 
operator T, either the modulus of T” - T”+ ’ has norm equal to 2, for all n, 
or lim, _ m II T” - T”+ ’ II = 0. We give a very simple example showing that 
this result is in general false if one drops the modulus of T” - T” + ’ in its 
statement. 
In attempting to understand Zaharopol’s proof, which is rather com- 
plicated, we realized that the phenomenon described by the “zero-two” 
laws is really a conjuction of two facts. The first, which is valid for a 
general contraction T on an arbitrary Banach space, is a spectral charac- 
terization of the property lim, j m II T” - T”+ ’ II = 0, namely that the spec- 
trum of T intersects the circle I z 1 = 1 at most at z = 1 (a characterization 
that is obvious for normal operators on Hilbert space). The second fact 
asserts that, for a positive contraction T on an appropriate Banach lattice, 
the same spectral property is equivalent to the existence of an integer 12 
such that the modulus of T” - T”+ ’ is of norm < 2. 
Actually, the first fact mentioned above is valid in a suitable form not 
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only for expressions of the form T” - T” + ’ = (I- T) T” but also when Z- T 
is replaced by a more general function q(T). 
The last section is devoted to a generalization of these results to the case 
of several commuting contractions. 
2. THE SPECTRAL RESULT FOR GENERAL OPERATORS 
In order to state our results, we need some notations. For any contrac- 
tion T on a Banach space X (i.e., a linear operator of norm d l), we put 
r(T)=a(T)nK 
where e(T) stands, as usual, for the spectrum of T and Z’ denotes the unit 
circle {z E @: 1 z 1 = 1 }. The set ZJ T) is often called the peripheral spectrum 
of T. Of course, Z(T) could be void. The spectral radius of T is denoted by 
4 T). 
THEOREM 1. Let T be a linear contraction on a Banach space X. Then 
lim, + m (1 T” - T” + ’ I/ = 0 if (and only if) the peripheral spectrum r(T) of T 
consists of at most the point z = 1. 
Proof: The “only if’ part is an immediate consequence of the fact that 
the existence of a 1 # A E f(T) implies, by the spectral mapping theorem, 
that 
for all n. 
In order to prove the “if’ part, we assume that T(T) contains no other 
points than perhaps z = 1. The resolvent R(A, T) of T is then analytic in an 
open domain containing the set {AE@: 111 >l, A#l} and, for JAl>l, 
R(A, T) = C,“=O (T”/A”+ I). For sake of familiarity, we prefer to work with 
functions analytic in the unit disc and, therefore, we put z = l/A and 
F(z) = R( l/z, T). 
Denote now by B, and B,* the closed unit balls of X, respectively X*, 
the dual of X, and consider the family 
F = { f(z, x, x*) = x*F(z)x; x E B,, x* E B,,}. 
Let us put in evidence some obvious properties of 9. 
(i) Each f( ., x, x*) is analytic in the closed unit disc from which the 
point z = 1 was removed. 
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(ii) For every JzJ<l,x~B,andx*~B~*, 
f(z, x, x*) = f (x*T”x) zn+ ‘, 
n=O 
and 1 x* T”x 1 6 1, for all n. 
(iii) For each 0 < CI < n, there exists a constant M, such that 
I fbe’? x,x*11 GM, and 
for every choice of O<p< 1, crd9<27r-~, xEBXand x*EB,.. 
Note that, by using the resolvent equation, we have dR(1, T)/d;l= 
-R(A, T)‘, and we can take 
M,= max n<s<2n--cr [llN(~e’“)-‘, TN + lIR(WJJp’, TH’I, 
‘0 <‘p c I 
for every c1 as above. 
By taking into account the properties (i), (ii) and (iii) of 9, it is easily 
seen that the “if’ part of the proof is an immediate consequence of the next 
result whose setting is the theory of functions and which could be of 
interest in itself. 
THEOREM 2. Let f(z) = C,“=. a,z” be analytic in a domain which con- 
tains the closed unit disc except perhaps for the point z = 1, and assume that 
(a, I < 1, for alln. Then lim,,, (a, -a,+,)=O. 
Moreover, the convergence to zero of the sequence {a,, - a, + , }F= o is 
uniform in the following sense: for any family {M,: 0 < c1< X} of positive 
constants and for any E >O, there exists an integer n, so that, for each 
function f(z) = C,“= o a,z” as above which satisfies 
I f be’“) I d Mm and 
I I 
g(pei”) GM,, 
wheneverO<p<l,ad9<2~--aandO<cr<n, wehaveja,-a,+J<E,tf’ 
n>n,. 
The proof of Theorem 2 requires a lemma which was originally proved 
by Wiener in a more general context (cf., e.g., [ 81) and which can be found 
in different forms in many standard textbooks on harmonic analysis. For 
the sake of completeness we give a proof here. 
LEMMA 3. For each E > 0, there exists a twice continuously differentiable 
non-negative function g, on the line such that: 
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(a) g,(x) = 1 in a neighborhood of the origin and g,(x) E 0 outside the 
interval ( -8, C), 
(b) the Fourier coefficients g,(n) = (1/2x) j T 2 g,(x) eeinx dx, n = 
0, 1, 2 ,..., satisfy 
Proof: Let h be a twice continuously differentiable non-negative 
function on the line which is equal to 0 for 1 XI > 1 and equal to 1 for 
1 x 1 d l/2. Consider now the Fourier transform 
h(c) = & 1’: h(x) epiX5 dx 
of h. Fix s>O and put h,(x)= h(x/E). A simple change of variable shows 
that &(n)=~&(~n), for all n. Thus, 
y I&(n)-h^,(n+ 1)l =F y Ih(En)-h(&(n+l))/ GE/+= /h’(t)/ dt. 
n= --a) II= -cc -m 
Put H(x)=xh(x) and note that h^‘(l) = -ifi( Since H is twice con- 
tinuously differentiable and equal to 0 outside the interval ( - 1, 1) it 
follows that 
and thus, Cz=Y o3 Ih,(n) - hE(n + 1) I < EM. This, of course, completes the 
proof of the lemma. 
Proof of Theorem 2. Let {M,; 0 < tl < rc} be a family of positive con- 
stants and f(z) = C,“= 0 a,z” be a function which satisfies the conditions of 
the statement relative to the family. The assertion of Theorem 2 is clearly 
equivalent to proving that the Fourier coefficients of (1 -z) f(z) tend to 0, 
uniformly relative to all the functions f as above. However, because of the 
singularity off at z = 1 it is not always possible to define the Fourier coef- 
ficients off (e”), 0 < 9 < 271. In order to avoid this difficulty, we shall work 
with circles of radius p < 1 rather than with iY 
Fix E > 0 and 0 < p < 1, and put f,(S) = f(pe”); 0 d 9 < 27~. By Lemma 3, 
we find a continuously differentiable non-negative function g,(9); 
06 9 d 2n which satisfies the conditions (a) and (b) of that Lemma. Put 
d,(9) = (1 -e’“) g,(9) and note that (b) implies that 11 (a,(n)) II 1 < E. 
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Denoting the convolution between sequences by * and using standard 
arguments, we easily conclude that 
II (fee) II 03 = II ((3pW) * @,w II Co G II tjbw, II a! . II @e(n)) II 1 <G 
since 1 fJn) I = I anpn ) d 1, by our assumption. 
Consider now the function b,:,,(S) = (1 - eiY)( 1 - g,(S)) f,(S) and 
observe that 
&,,(a = & 
I 1 
2n b,,,(Wepinsd9 
0 I <& 
2rr 
1 0 
Jb,,(9)( ’ d$. 
for all integers n. However, the property (a) of g, implies that 1 - g, 
vanishes in an interval of the form - c(, < 9 d CI,, for some tl, > 0. Hence, 
the derivative f& of b,, depends only on the values of f,(S) and 
(df,/dz)($) for c(, < 9 d 271- ~1, which, in term, are bounded by M,$. Thus, 
K = o~s~2n I b:,,@) I . . 
is independent of the particular choice off satisfying the conditions relative 
to MME or of 0 < p < 1. It follows that 
from which we deduce that the Fourier coeflicients of c,(S) = (1 - e”) f,(J) 
satisfy 
Ianpn-a,+lpn+lI = l?,(n)l <c+$, 
for all n. Letting p + 1, for fixed n and E, we finally get I a, -a,+ I I d 
E + KC/n; n = 0, 1, 2 ,.... 
Remark. Theorem 1 remains valid if T has uniformly bounded powers 
rather than being a contraction on X. Indeed, in this case 111 XI II = 
sup{ 1) Z”x I(: n = 0, 1, 2,...} is an equivalent norm on X with respect o which 
T becomes a contraction, and Theorem 1 can be applied. 
Theorem 2 could be restated as follows (with essentially the same proof). 
THEOREM 2’. Let p be a pseudo-measure on r (i.e., a distribution with 
bounded Fourier coefficients) which is equal, locally in every point on r 
except z = 1, to a pseudo-function (i.e., a distribution whose Fourier coef- 
ficients tend to zero at infinity). Then i(n) - i(n + 1) + 0 as In ) + co. 
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In fact, the following more general statement is also true. 
THEOREM 4. Let E be a closed subset of F and ,u pseudo-measure which 
is locally equal to a pseudo-function at every point of F-E. Let cp be an 
absolutely convergent Fourier series which vanishes on E and is of spectral 
synthesis with respect to E (i.e., can be approximated in the norm of A(F), 
the space of all absolutely convergent Fourier series, by a function which 
vanishes in a neighborhood of E). Then ‘p. p is a pseudo-function on F. 
Proof. Let E > 0 be given and let qE be a function which vanishes in a 
neighborhood of E and such that, writing I,!I~ =cp - qE, we have 
Cz=? c13 1$,(n) 1 < E. Then cp. p = q, . p + $, ,u, qE . p is a pseudo-function 
locally at every point of r and, hence, also globally (i.e., (qyp)(n) -+ 0 as 
In I -+ co) and C,‘_“- o. / (+Fu)(n) 1 < E sup,, 1 P(n) I. It follows that, for any 
E > 0, 
lim sup I (vi)(n) I d E w I b(n) I. I 
Ini- 21 n 
The notions, statement and proof of Theorem 4 remain valid when r is 
replaced by any compact abelian group G. 
Theorem 2 above corresponds to the case when (p(9) = 1 -e’“. 
The natural application of Therem 4 to contractions is obtained when we 
take q(z) = C,“=, b,z” with C,“=O Ib, I < co. This enables us to define 
cp( T) = C,“= 0 b, T”. We easily deduce from Theorem 4 the following result. 
THEOREM 5. Let T be a linear operator on a Banach space X such that 
sup, (I T” (I < CO. Let q(z) = C,“= 0 b,z” be a power series with absolutely con- 
vergent coefficients which is of spectral synthesis with respect to the 
peripheral spectrum F(T) of T. Then Iim, _ ~ )I cp( T) T” 11 = 0. 
Of course, for the statement of Theorem 5 to be of interest, f(T) has to 
be “small” enough to be contained in the set of zeros of cp, an absolutely 
convergent power series (otherwise, q(z) = 0 for ZE E could imply that 
cp = 0, identically). 
The assumption that rp is of spectral synthesis with respect to F(T) is 
somewhat restrictive. It is known e.g. that any closed subset A of f, which 
is countable or whose boundary is countable, is a set of spectral synthesis 
with respect o any cp as above. The same holds for the usual Cantor set on 
K There are also conditions on q.~ to be of spectral synthesis with respect o 
any closed subset of ZY For instance, this is the case if cp E Lip,, for some 
a > l/2, or if q E Lip,, for some a > 0 and has bounded variation. In par- 
ticular, this happens when cp is continuously differentiable on f. The fact 
that q~ is an absolutely convergent Taylor series (i.e., one-sided Fourier 
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series) may also help it to be of synthesis, but in itself is not sufficient to 
guarantee spectral synthesis. For example, if E is the Cantor set, and if we 
denote by A(E) (resp. A + (E)) the algebra of restrictions to E of absolutely 
convergent Fourier series (resp. Taylor series), then A + (E) = A(E). Since 
there exist subsets E’ of E for which synthesis fails, we obtain elements of 
A + (E), and by extension absolutely convergent Taylor series which vanish 
on E’ and are not of synthesis with respect o E’. 
It is clear from the proof of Theorem 5 that the spectral synthesis of cp 
with respect o T(T) plays an essential role. J. Bourgain kindly brought to 
our attention that Theorem 5 actually provides a characterization of spec- 
tral synthesis in the following sense: a power series q(z) = C,“=O hrlzn with 
C,“=, 1 b, 1 < CC vanishing on a subset A of r is spectral synthesis with 
respect to A if (and only if), for any contraction T on an arbitrary Banach 
space X with r(T) c A, we have lim, _ 5 (( cp( T) T” (1 = 0. Indeed, for any cp 
as above which is not of spectral synthesis with respect o A, the set of its 
zeros on r, we can find a pseudo-measure ,u on I-, supported by A and 
such that (p, cp) = II (c(n)) * (@j(n)) IIccI = 1. Let X be the space of all the 
products of the form g. ,U with gE A(T), considered as a subspace of the 
space of all pseudo-measures on I-, i.e., endowed with the I,-norm of the 
Fourier coefficients. The operator 77 X-+ X, defined by T(g . ,u) = e’“g . p, 
for g. p E X, is clearly an isometry on X and, as easily verified, r(T) c 
Support p G A. On the other hand, for each integer n, we have 
(1 q(T) T” (j >, 1 since q(T) T”(e’““p) = ‘p(e’“)p which has norm 1. 
For these and additional details on spectral synthesis, we refer the reader 
to [I, 41. 
3. APPLICATIONS TO POSITIVE OPERATORS 
In this section, we show how to derive from Theorem 1 a new and simple 
proof of the “zero-two” laws of Ornstein and Sucheston (in L,) and 
Zaharopol (in L,, 1 < p # 2). Actually, our proof is valid for a larger class 
of function spaces including L,. 
Let (52, C, P) be a probability space. By a complex Kiithefinction space 
X over (Q, C, P), we mean a space of (classes of equivalence) of complex 
measurable functions endowed with a norm II.11 so that: 
(a) L,(a,~,P)cXcL,(O,C,P), 
(b) iff EX and g is a measurable function so that I g(o)1 < I f(w)1 
a.e. on 52 then g E X and 11 g II < II f 11, 
(c) X is complete with respect o 11. II. 
We will consider Kijthe function spaces X which satisfy the additional 
assumption, called condition (6): 
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There exists a strictly increasing continuous function 6 on [0, 11 with 
6(O) = 0 so that, whenever f and g are two non-negative elements of X with 
1 = II f II B II g II then 
II f + g II b II f II + 4 II g II 1. 
It is easily verified that any abstract Banach lattice X which satisfies con- 
dition (6), for some 6 as above, is, in fact, order continuous. Hence, if such 
an X has also weak unit then, by [S, l.b.141, it is Kiithe function space. 
Any L,(Q C, P)-space satisfies (6), for some 6 depending on p. More 
generally, each Kiithe function space X for which there exists a p so that 
II f + g II p 2 II f II p + II g II p, 
whenever f, g are non-negative elements of X, satisfies (6) with 6(x) = x*/p. 
This class includes, e.g., all the Orlicz function spaces L,(s2, C, P), where 
M satisfies the so-called d,-condition in the following quantitative manner 
(xM’(x)/M(x)) < p, 0 < x < co. Also, uniformly convex Banach function 
spaces X satisfy (6) with 6(x)=6,(x), where 6, denotes the modulus of 
convexity of X, For additional properties of these function spaces see 
IIS, 71. 
A linear operator T: X + X is called positive if Tf (w) 2 0 a.e., whenever 
f(o) > 0 a.e. Any operator T of the form T = T1 - T2, where T, and T2 are 
positive, is called regular. A regular operator T: X-t X admits a modulus 
/ T1, which is defined as follows: for f 2 0 in X, we define 
ITIf= SUP ITgl, 
ISl~l/l 
where the supremum is taken pointwise in Q. The modulus / Tl of T is, in 
general, of a norm larger than T but always d 11 T, I( + I/ T, 11. In L, -spaces, 
11 I TI I( = 11 T I(, which explains why Zaharopol’s formulation of his result can 
be considered as an immediate generalization of that of Ornstein and 
Sucheston. 
We can state now our main result for positive operators. 
THEOREM 6. Let T be a positive linear contraction on a complex K&he 
function space X which satisfies condition (6) for some 6. Then, either the 
modulus IT”--T”+‘I of T’-T” + ’ has norm equal to 2, for n = 0, 1, 2 ,... or 
lim, + m 11 T- T”+‘(I =o. 
Proof In view of Theorem 1, it suffices to prove that the existence of a 
1 #p E r(T) implies 1) T” - T” + ’ ) 1) = 2, for n = 0, 1, 2 ,.... 
Suppose first that p = eiS # 1 is an eigenvalue of T and let f E X with 
II f Ij = 1 be a corresponding eigenvector. We can assume without loss of 
generality that 0 < 9 < n, otherwise, we replace p by ji and f by J 
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Let O<cx</?627r be so that b-a<9 and put 
Cl,,, = {w E Q; a 6 arg f(o) 6 /3 and f(o) #O}, 
A I.6 = 0 - Qa,, 
.fs,s = f XR.,p 7cx.p = f Xd,,p. 
Note that 
If I = I TfI = IT(f,,p) + T(&)l G I T(f&)l + I T(.t,A 
~Tlf,,,l+Tl~~,~l=Tlfl. 
Since II T I f I II 6 11 f 11 = 1 it follows, by using condition (6), that all the 
inequalities above are, in fact, equalities a.e. Hence, 
arg T(fr,J(~)=arg T(&s)(~)=arg T(f)(o)=$+argf(o), 
whenever the above arguments make sense. 
On the other hand, a simple argument of approximation with simple 
functions shows that 
for a.e. o E 52 for which T( fz,D)(w) # 0 (here we use the positivity of T). 
Combining these facts, we get that, for o~support of T(fr,B), we have 
a-9Garg f(o)<fl-8, 
i.e., wEQ,-~,~-~~. Hence, for any choice of a and b as above, 
T(f& = ei"f,- 3,p- 9. (*I 
Consider now the function h,, =Tr,B -ei3fm,p which clearly satisfies 
I h,,, / = ) f 1. An immediate verification shows that 
U- T)(k,,d=2f on fix-9,8-3 
or, more generally, that 
(T- F+‘)(h,,)=2ein3f on 52,- (n+l)Y,,R-(n+1)3. 
By taking absolute values and supremum over all the pairs (a, fi) as above, 
we clearly conclude that 
IT"-T"+'l (If I)22lf I. 
and, hence, 11 I T” - T” + ‘1 I[ = 2, for n = 0, 1, 2 ,.... 
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In the general case, ,u need not be an eigenvalue of T. However, since p is 
on the boundary of a(T) it must be an approximate eigenvalue, i.e., there 
exists a sequence {f,}p=, of norm one elements of X so that 
lim, + o3 II PL - Tfn II = 0. 
In order to reduce the general case to the preceding one, we let Ii be a 
free ultralilter on the integers and replace (52, C, P), X and T by three 
ultrapowers (fi, 2, f), X and ?! For instance, if X”’ denotes the space of all 
the bounded sequences (f,),“=, of elements of X endowed with the norm 
11 (f,,) I/f = lim. /I f,, I/ then X is obtained by taking the quotient space 
relative to the subspace of X” consisting of those sequences (fn),“= , which 
tend to zero. The operator p is defined by putting f(f,,)z= l = ( rf,),“= , . 
Additional details are given in [7, p. 3093, where it is also mentioned that 
this procedure yields G( ?) = a(T). Moreover, any approximative eigenvalue 
of T becomes an eigenvalue of f Finally, we point out that condition (6) is 
retained by X with the same function (6). We like to add that, except for 
this step, it would have sufficed to assume strict convexity of the norm in X 
instead of condition (6). However, strict convexity is not preserved by tak- 
ing ultrapowers. 
Remarks. 1. Theorem 6 is, in general, false if one drops the modulus of 
y-T”+’ in its statement. Indeed, let X be a uniformly convex Kothe 
function space and assume that a positive contraction T on X satisfies 
11 T” - T” + ’ II = 2, for some n. Then there exists a sequence { fk }F= , of 
norm one elements in X so that jl T”‘,fk - T+ ‘.fk // + 2, as k + co. By 
uniform convexity, I/ Tfk + T”+ ‘fk I/ -+ 0 as k + cc, i.e., -1 E r( T”). 
Therefore, for any T so that II 7”’ - T” + ’ IIf, 0 as n -+ cc and - 14 r( T”); 
n = 1, 2,..., we get Ij T” - T”+ ’ 11 < 2, for all n. A concrete example can be 
obtained by taking a cyclic permutation of an odd number of elements. 
2. The same proof as that of Theorem 6 shows that in the case X= L,, if 
1 #PEE(T) then 11 T”- T”+‘II >2’lp, for every n. 
Let C, denote the sub o-algebra of C generated by the sets Q,,; 
0 < p - a < 9, on the support off: If we parametrize the identification space 
s2, of C, by t = arg f then condition (*) above implies that, for any G, 
which is bounded and C,--measurable, we have 
T(IflG)(t)=l f IG(f+$)> tEa,. (**) 
Thus, by taking in particular G(t) = e’“‘, we get 
T( 1 f I ein’) = ern9 1 f 1 einr, 
which means that r(T) contains the entire group generated by ,u = e’“. We 
state this fact in the terminology of [7, p. 3261. 
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THEOREM 7. The peripheral point spectrum of a positive contraction on a 
complex Kiithe function space X is fully cyclic provided X satisfies condition 
(d), for some 6 as above. 
4. SEVERAL COMMUTING CONTRACTIONS 
The aim of this section is to extend the results obtained in Sections 2 and 
3 for one operator to the case of a Banach algebra generated by a sequence 
{ Ti},YC, of m commuting contractions on a Banach space X. 
Let W be the set of all non-trivial multiplicative linear functionals on the 
algebra B (which, of course, can be identified with the set of all maximal 
ideals of B). As usual, the joint spectrum a( T, ,..., T,,,) of {T,},“= , is the 
(compact) subset of @” defined by 
4 T, ,..., T,)= {(w(T,) ,..., w(T,))~a=“‘; WEVY}. 
Since all the Tis are contractions, in our case the joint spectrum is a 
(closed) subset of the closed polydisc d, = {(z, ,..., z,) E Cm; 1 z, 1 < 1 for all 
l<j<m}. 
The peripheral joint spectrum r(T,,..., T,,,) of {T,},“=, is defined as the 
subset of a( T, ,..., T,) consisting of (w( T,) ,..., w( T,)) for which w E W and 
1 w(T,)I = 1, for all 1 < j<m. 
In order to better understand the role of the peripheral joint spectrum, 
we would like to point out the following useful fact. 
Let (w(T1),..., w( T,)) be a point in the peripheral joint spectrum of a 
sequence {T,},“= , of m commuting linear contractions, where w is a mul- 
tiplicative linear functional over the algebra generated by { T,)r=, . Then 
5 = w( T,) are approximative eigenvalues of Tj; 1 < j < m but, what is more 
important, they have a common approximative eigenvector. More 
precisely, there exists a sequence {xn}zC , of norm one vectors in X so that 
lim II ljx, - Tjx,, 1) = 0, 
n+3c 
for all 1 < j < m. Indeed, for each integer n, consider the operator 
which has norm < 1. An application of w shows that the norm of L, is 
exactly 1, for all n. Hence, for each n, there exists a norm one vector U, E x 
so that 1) L,u, 11 > 1 - l/n. In order to complete the argument, put x, = 
L,u,/ll L,u, 11 and note that 
II IzJ-Xn - Tjxrt II 
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The main difficulty encountered in the study of a sequence of operators 
lies in the fact that there is no natural “resolvent function” for several com- 
muting operators. Our first step will therefore be to introduce a substitute 
for the resolvent of {T,},“= , . To this aim, note that I- (l/m) x;=, zjTj, 
considered as an operator-valued functions of (z, ,..., z,) E @“, is invertible 
in all of A, except for points in T(T,,..., T,), i.e., the points of the form 
(Zi ,..., Z,), with (z, ,..., z,) in Z( T, ,..., T,). It follows easily that 
=c,, c m~n(k,,,nk,);:l...z:.T~~...T~ 
I <k,<n 
k,+ ... +k,=n 
is analytic in A, - r( T, ,..., T,). By recalling that (k,“,k,) = n!/k, ! . . . k, ! 
and using Stirling’s formula, we note that 
n 
m 
--n i > k, ,..., k, 
< C,n(’ ~ m’/2, 
for a suitable constant C, depending only on m and for all n and k, ,..., k, 
as above. Furthermore, if we take k, = . . . = k, = k and n = mk then 
m --mk 
We are interested in proceeding as in Section 2 and studying the coef- 
ficients of z’; ‘.. z: which, as we have just seen, are of order of magnitude 
(mk)“-““*. The procedure we desire to follow requires that the coefficients 
of z’; zi be of order of magnitude between 1 and mk. This fact leads us to 
apply on F the differential operator cJm=, zj(a/az) to the power [m/2], 
where [ ] denotes the integer part of x. We get 
G(z 1 Y...> z,) 
,<F,, 
k,+ .“. :k,=n 
(k,,.r, k,) ncm/21zfI...z~Tfl... T?. 
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The coefficients m -“( k,“,k,) n Cmi21 do not exceed C n(1-m’f2~ nCm/21 and 
this actually is the order of those coefficients in which i, = . . . =k,. Ifm is 
an even integer then n(1-m)‘2nCm’21 =n”* while, for m odd, we get 
n(l -m)P. ,r”“” = 1. This fact makes a crucial difference in the sequel. 
In order to prove an extension of Theorem 5 to the case of m commuting 
contractions, we consider, for m odd, the algebra A = A(P) of all 
functions 
on the m-dimensional torus r” so that 
ll~ll,4= 1 I uj,,...,jm I < co. 
~ if < jl ,...,J~ -c a 
The proof of Theorem 5 can be repeated verbatum in this setting provided 
we replace the 9 by the family 
9 = { g(z, ,..., z,; x, x*) = x*G(z, ,..., z,)x; x E B,, x* E B,,}. 
For the case of m even, we consider instead A(P) the weighted algebra 
A ,I2 = A,,,(P) consisting of all the functions (p($r,..., 9,) as above so that 
II cp I/A,.Z = c I a ,I,...,, mI (1 + I j, I “2 + . . . + I jm I 1’2) < 00. 
~ m < ,I.- ..lm c cc 
The fact that the norm in A ,,2 is sub-multiplicative is an immediate con- 
sequence of the inequality: 
1 + ( I j, I + 11, IP2 + ‘. . + ( I j, I + 11, I p2 
<(l+lj, l”2+ ... + I j, I “‘)( 1 + ( I, I “2 + . + 11, I 1’2). 
Furthermore, it is well known (cf., e.g., [ 11) that the algebra A,,, is regular 
and its maximal ideal space is I’“‘. The dual, Ar,2 of A,,, can be identified 
with the set of distributions p on the m-dimensional torus 
with 
II P II A;,* = sup I b ,I..... I,,, I(1 + lj, ll’2+ ‘.. + lj, 11’2)P’< co. 
il..--.im 
Let (AT,,), be the subspace of AfI2 consisting of those p such that 
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lbJl,...,j, I(1 + I j, I”‘+ .” + I j, 11’2)p’ +O, as I j, I + .” + I j,, 1 -+ a, 
and note that both AT,2 and (A $2)0 are modules over A ,,2 (i.e., whenever 
p E A r,2, respectively p E (A f,&,, and cp E A l,2 then p. cp belongs to At2, 
respectively (A&),,). Moreover, the Fourier coefficients of .D. cp are 
obtained by the convolution of the coefficients of p and CJI. 
Repeating the proof of Theorem 5 in the setting of A or AI12 for m odd, 
respectively even, and 9, instead of A(f) and 8, we get the following 
generalization. ’ 
THEOREM 8. Let ( T/},“= , he a sequence of commuting contractions on an 
arbitrary Banach space X. Let cp = I,, s i ,_ ,,m < 71 a,,, ..,, z’,’ . z !; be a 
function in A(f”) ifm is odd, or in A 1’2(F’) [f m is even, and suppose that cp 
is of spectral synthesis with respect to f(T,,..., T,,,) in the corresponding 
algebra. Then 
lim Jj cp( T, ,..., T,,,) T’; Tt, 1) = 0. 
k - r 
Note that, since cp(z ,,..., Zig) IS o s ec a synthesis with respect to f p tr 1 
r(T,,..., T,), dz, I,..., z, ‘) is of spectral synthesis with respect to 
i=( T, ,..., T,,,) and cp( T, ,..., T,,,) T”; ... Ti is obtained, up to suitable weight, 
as the Fourier coefficient o(k,..., k), where 
v - cp(z,’ ,..., z;‘) G(z, ,..., z,) 
One case of particular interest, which was studied by Foguel [3] in the 
setting of Markov operators, occurs when m = 2 and cp(S, T) = S - T, S 
and T being two commuting contractions. 
COROLLARY 9. Let S and T be two commuting linear contractions on a 
Banach space X. Then lim,, _ x II (S - T) S’T” (I = 0 (f (and only if, the 
peripheral joint spectrum f(S, T) of S and T is contained in the diagonal qf 
r2. 
Proof: The “only if’ part is an immediate consequence of the fact that, 
whenever w is a multiplicative linear functional on the algebra generated by 
Sand Tsuch that Iw(S)I=lw(T)I=l, we have 
lI~~-~~S”T”ll3l~~~~-~~~~I; n = 0, 1, 2 ,.... 
The “if’ part, on the other hand, follows directly from Theorem 8 
provided we show that ~(9, z) = eis - err is a function of spectral synthesis 
1 J. Bourgain has pointed out that one can avoid the use of the algebra A,,,(F), for M 
even, by adding artificially the identity operator. 
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with respect to the diagonal of r2 when we consider it as an element of 
A 1/C 2). 
In order to verify this fact, let h, be the function defined in the proof of 
Lemma 3 and put 
v,( 9, T) = h,( I9 - T). 
The function u&Q, t) is clearly equal to 1 in an open neighborhood of the 
diagonal of r2, equal to 0 for / 9 -r 1 > E and non-negative elsewhere. 
Furthermore, 
11 v,(9, z)(e’” - e”) 11 n, z(r2) = 11 h,:(9 - T)(e”” ~ ‘I - 1) II A,.z(rZ) 
= tc” &:(n- l)-&(n)) (1 +2n”‘). 
,I= r 
However, an evaluation similar to that presented in the proof of Lemma 3 
shows that 
y I&- l)-h^,(n)( (1+2n”2)<PM,, 
where 
This, of course, completes the proof. i 
We can now state and prove the following generalization of Foguel’s 
result on two commuting Markov operators S and T, which asserts that 
II (S - T) ~‘7”’ II is either equal to 2, for all n = 0, 1, 2 ,..., or 
I/ (S- T) S’T” 1) -+ 0, as n --f co. 
THEOREM 10. Let S and T be two commuting positive linear contractions 
on a complex Kiithe function space X satisfying condition (6), for some 6. 
Then either the modulus I (S - T) S”T” 1 of (S - T) S”T” has norm equal to 2, 
,for n = 0, 1, 2 ,..., or lim, _ ~ II (S - T) S”T” )I = 0. 
ProoJ By Corollary 9, the remark following the definition of the 
peripheral joint spectrum and by passing to ultrapowers if necessary, we 
get that, unless lim, _ cc )I (S- T) S”T” I/ = 0, S and T have distinct 
peripheral eigenvalues eiS, ei7 corresponding to the same eigenfunction .f: 
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Applying (**) of the preceding section to both S and T, we reduce the 
problem to that of two distinct rotations on the range of arg f(z) and the 
proof to that of Theorem 6. 1 
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